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The designrcontrol of particle synthesis reactors is hampered by the cumbersome
(nature of simulation methods such as ‘‘ sectional’’ representations of the particle popu-

)lation balance equation to track the e®olution of coagulating, restructuring populations
in complex flow en®ironments. Bi®ariate PBE-methods were in®estigated using general-

(izations of a recent Gaussian quadrature-based ‘‘moment’’ approach McGraw, 1997;
)Wright et al., 2001 . A 9-moment method was applied to an extensi®e data set recently

obtained using a ‘‘seeded’’ laminar flame reactor with laser-based, as well as TEM-grid
thermophoretic sampling. Alumina nano-aggregate population e®olution is predicted us-

( )ing a®ailable ratertransport laws for coagulation, thermophoresis and sintering and
the efficacy is predicted, and, together with the efficacy of such simulation methods for
parameter estimation, is also illustrated inferring a ‘‘best fit’’ acti®ation energy for
nanoparticle sintering. Variantsrextensions of these techniques should enable their in-
corporation into, say, full PDF-methods for turbulent synthesis reactors, using impro®ed
rate laws.

Introduction and Background
Particle morphology e©olution; Bi©ariate aerosol
populations

In many particle synthesis reactors of current interest, not
only are particle sizes evolving in time or space, but so also is

Žthe particle morphology, due both to coagulation to form ag-
.gregates and to such restructuring rate processes as high

temperature sintering. To describe or design such reactors it
is therefore necessary to adopt a mathematical description
that transcends the use of size alone as a particle ‘‘state vari-
able,’’ but, of course, one that remains computationally
tractable. Moreover, even in laminar flow reactors, the local
environment experienced by each particle in the population
may change on a time scale not large compared to the mean
time between successive coagulation events, thereby ruling
out exploiting such occasionally useful approximations as ‘‘lo-
cal self-preservation’’ for the ‘‘shape’’ of the required local

w Ž .particle distribution function in one Friedlander, 2000 or
Ž . xmore Tandon and Rosner, 1999 state variables . In the
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present article, we initiate the theoretical study of the dy-
namics of such population evolution, using a recently devel-

Žoped class of ‘‘moment’’ methods quadrature method of mo-
.ments, QMOM that can be extended to more complex flow

fields. Our results are immediately compared here with an
extensive set of experimental data based on our recently re-

Ž .ported counterflow diffusion flame CDF studies of alumina
Ž .nanoaggregate evolution Xing et al., 1996, 1997, 1999 . This

study may also be regarded as an extension of our prelimi-
Ž .nary univariate modeling analysis in Xing et al. 1997 .

BVQMOM simulation method and a©ailable data
For reasons that will become clear in the third section, we

Ž .here adopt a ‘‘bivariate’’ BV description of particle state,
Ž .extending the work of Koch and Friedlander 1990 , who se-

lected particle volume, ®, and ‘‘wetted’’ surface area, a, as the
Ž .state variables, using the difference, ay a ® , as the driv-min

ing force for area reduction by particle sintering. The Gauss-
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Žian quadrature-based MOM we implement here McGraw,
.1997; Wright et al., 2001 has the following important at-

Ž .tributes: It A1 is free of any presumption about the shape
of the particle number density distribution function, written
Ž .n ®, a; z , where z is an axial space variable in our CDF

Ž . Ž .Figure 1 ; A2 allows the introduction of rate laws for coag-
Ž .ulation and sintering of arbitrary complexity; and A3 leads

to evolution equations, governing a preselected subset of mo-
Ž .ments of n ®, a; z , which are of the standard convective-dif-

fusion form, and hence, generalizable to more complex flow
fields using now-standard CFD techniquesrsoftware. Even
though many of the local aerosol population descriptors mea-

Ž .suredrreported in Xing et al. 1996, 1997, 1999 are not pro-
Ž .portional to simple moments of n ®, a; z , our implementa-

Žtion of BVQMOM, using so-called RDGFA theory ‘‘Results
. Žand Discussion’’ , allows us to predict these variations such

.as the spatial distribution of 90 degree laser light scattering
for direct comparison with available data. This provides a
valuable opportunity to initiate the systematic testing of al-
ternate simulation methods based on the particle

Ž .population-balance approach Ramkrishna, 2000 in a non-
trivial reactor flow environment, along with plausible, yet in-
completely validated, rate laws for free-molecule regime co-
agulation, aggregate sintering, and axial thermophoretic

Ž .transport Gomez and Rosner, 1993; Filippov et al., 2000 .

Objecti©es of present article: Foundation for rational sol
reaction engineering

This ‘‘confrontation’’ of a comprehensive set of local CDF-
Žstructure measurements using both laser-based in situ meth-

.ods and thermophoresis-based ‘‘immersion’’ methods , with
the predictions of a potentially versatile BVQMOM simula-
tion technique, seems to us to be a long overdue necessary
next-step in the development of sol reaction engineering
Ž .SRE simulation methods capable of predictingroptimizing
nanoparticle synthesis reactor performance, and guiding their

Ž .future scale-up Rosner, 2000 . We make no claim that the
present implementation of BVQMOM, with our present in-

Žterim choice of rate laws ‘‘ ‘Observables’ in Terms of ® and
.a’’ and ‘‘Coagulation Rate Law’’ constitutes the last word in

this line of attack. Rather, we will show that a plausible 3
quadrature point BV approach, equivalent to tracking nine

Ž .moments of n ®, a; z , combined with plausible but deliber-
Žately simplified rate laws sections on coagulation rate law

.and sintering rate law , is able to capture most of the essen-
tial features of the observed sub-ppm volume fraction mor-
phologically evolving alumina populations. As will be seen, in

Ž .our TMA-seeded flames, low temperature fuel-side aggre-
gation gives way to rapid sintering-coalescence near the ca.
2,300 K flame temperature, prior to exiting the flame struc-

Žture near the particle stagnation plane PSP; Gomez and
.Rosner, 1993 on the oxidizer side of the flame.

Experimental Database; Techniques
It will be useful to summarize here the nature of the

seeded-flame experiments carried out in this laboratory, em-
phasizing the particle population characterization techniques
exploited. However, this section will be deliberately concise,

Figure 1. TMA-seeded laminar counterflow diffusion
flame experimental configuration and nota-
tion.

Ž .After Xing 1997 .

in view of our principal present objectives, and the availabil-
ity of more complete descriptions of our equipment, meth-

Žods, and two-phase flame structure results Xing et al., 1996,
.1997, 1999 .

Burner system, choice of particle precursor; Flames studied
A slot laminar counterflow diffusion flame burner of the

Ž .Katz type Chung and Katz, 1985 has been constructed and
Žused for the measurements utilized below Xing et al., 1996,

.1997, 1999 . When continuously fueled with, say, gaseous
methane containing small amounts of tri-methyl-aluminum
Ž .TMA vapor and ignited in the presence of a counterflow of
O qN , one produces steady, locally flat, nonsooting diffu-2 2
sion flames, on the fuel side of which a population of alu-
mina spherules in the ca. 12]30-nm-dia. range is formed as a
result of rapid TMA hydrolysis. This population, here pres-
ent at volume fractions less than ca. 0.3 ppm, immediately

Žcoagulates to form fractal-like aggregates Figure 6 of Koylu¨ ¨
.et al., 1995; Figure 5 of Xing et al., 1997 , which then sinter

to form a distribution of larger spheres prior to their depar-
ture from the flame structure. These events occur within a
vertical space of only ca. 8 mm, which has been probed with

Žca. 0.2-mm resolution using laser light scattering the section
titled ‘‘In situ Laser-Based ALS Measurements via RDGFA

.Theory and ca. 0.5-mm resolution, using thermophoretic
Ž . ŽsamplingrTEM image analysis techniques TPSrTEM ; see

.the following section . The results of these measurements will
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be displayed in ‘‘Results and Discussion,’’ where direct com-
parisons with the predictions of our BVQMOM-simulation
method are superimposed. TMA-seed levels were deliber-
ately kept low enough so that the alumina particle population
would exert a negligible influence of the ‘‘host’’CH rair flame4
structure}that is, the coupling is ‘‘one-way,’’ and the carrier
gas temperature distribution, which exerts a strong effect on

Ž .both aggregate sintering rates Xing et al., 1996, 1997, 2000
Žand particle velocities due to axial ‘‘thermophoresis’’ Eisner

and Rosner, 1985; Gomez and Rosner, 1993; and as will be
.seen in Figure 3 , could be probed using ca. 50-mm-dia. ther-

mocouples in the absence of TMA-seeding. TMA was the
particle precursor of choice because the resulting condensed

Ž .alumina, considered Al O a with the corundum crystal2 3
structure, has well-studied macroscopic thermophysicalropti-
cal properties, and the decomposition of TMA leads to methyl
radicals unlikely to dramatically alter the chemistry of these
steady, atmospheric pressure, methanerair diffusion flames.

‘‘ Immersion’’ probing methods; TPSrrrrrTEM and
TC-response

Rapid-insertion thermophoretic probing, followed by off-
line TEM image analysis, was used to track Al O2 3
nanospherule size evolution, as well as the aggregation and
sintering rate processes. This technique exploits the size- and
morphology-insensitivity of particle thermophoretic velocities

Žin the free-molecule regime Rosner et al., 1991; Zurita-Go-
.tor et al., 2000 in the immediate vicinity of the initially cold

probe carrying each 0.5 mm diam TEM grid. Our TPS-ex-
perimental procedures, patterned after those of Megaridis

Ž . Ž .and Dobbins 1987 have been described in Koylu et al. 1995¨ ¨
Ž .and McEnally et al. 1998 . Another thermophoretically based

technique, that of thermocouple response to particulate de-
Ž .position Eisner and Rosner, 1985; McEnally et al. 1998 , was

Žalso used to confirm the local alumina volume fraction see
.Figure 4 , free of any assumptions about alumina size- and

morphology distributions, or optical properties. While these
immersion methods lack the high spatial resolution of our

Žlaser light scattering measurements see the following sec-
.tion , and are admittedly time-consuming, they provided es-

sential complementary experimental information about these
Ž .evolving, nonspherical, and nonabsorbing @ 514.5 nm alu-

mina particle populations.

In situ laser-based ALS measurements ©ia RDGFA theory
Angle-dependent laser light scattering measurements on an

aggregating population of Rayleigh regime spherules pro-
vides valuable local information on aggregate size distribu-
tions, especially in the domain of ‘‘fractal-like’’ scattering be-
havior near, say, D s1.7, as is expected for ‘‘cluster-cluster’’f
Brownian aggregation in a wide variety of chemical systems
ŽDobbins and Santoro, 1988; Megaridis and Dobbins, 1990;

.Koylu and Faeth, 1993; Xing et al., 1999; Sorensen, 2001 .¨ ¨
These procedures, based on so-called Rayleigh-Debye-Gans

Ž .fractal aggregate RDGrFA elastic light-scattering theory,
were adopted here, using data obtained with a chopped CW
argon-ion laser source operating at 514.5-nm wavelength.
These measurements, which clearly revealed the locations of

Ž .the ‘‘particle inception plane’’ PIP and ‘‘particle stagnation

Ž .plane’’ PSP , had an estimated spatial resolution of ca. 0.2
mm. Indeed, the high-quality LLS signal at a scattering angle
of 90 degrees, provides a valuable test of any proposed the-
ory of nonspherical particle evolution in such a flame reactor.
This is especially true here because, on theoretical grounds,
this signal is not simply proportional to any particular local

Ž .‘‘mixed’’-moment of the distribution function n ®, a; z }not
Ževen M which we show in ‘‘ ‘Observables’ in Terms of2- D , Df f

® and a’’ and ‘‘Results and Discussion,’’ would be relevant in
the so-called ‘‘power-law’’ regime, only if all aggregates in the
population were sufficiently large, were characterized by the
same fractal dimension, D , and had T-insensitive opticalf

.properties . Note that the local moment M would be rel-4,y3
evant only if the spherules were independent Rayleigh scat-
terers.

Bivariate MOM Simulation Approach
(©,a Description Generalizations of Koch and Friedlander,

)1990
Considering the variety of partially sintered ‘‘aggregate’’

Žshapes that show up on our TEM images Xing et al., 1995,
.1996, 1997, 1999 , it might seem that a description based only

on the two particle state variables ® and a has little chance of
succeeding. However, in part because the area-equivalent di-

Ž .1r2ameter arp , plays such an important role in transport
Ž .theory Rosner, 2000; Rosner et al., 2000 , and systematic

Žcorrections due to nonsphericity quantified here by the di-
w Ž . .xmensionless sintering ‘‘driving force’’ j [ ara ® y1 canmin

also be introduced, it is remarkable how far one can go with
Ž .only these two state variables see below . Immediate ques-

tions arise about the relation of this choice of fundamental
state variables to the now-familiar ‘‘fractal-like’’ characteriza-
tion of particulate matter in coagulating systems with little or

Žno sintering Dobbins and Megaridis, 1987; Koylu et al., 1995;¨ ¨
.Brasil et al., 2000 . For example, we do not choose the fractal

Ž‘‘dimension’’ D as a fundamental state variable cf. Kostogluf
.and Konstandopoulos, 1999 , because we are using the re-

sults of RDGFA theory to interpret our experimental ALS
signals. But, it is convenient for us to introduce an effective
fractal dimension, D , and corresponding ‘‘prefactor’’f ,eff
Ž . Ž .k D , both defined below in terms of ® and a. However,g f

before introducing these, and our corresponding results for
the effective aggregate gyration radius, and so forth, we note
that a reasonable choice for mean spherule diameter d within1
any aggregate is simply 6®ras6® ra , independent of the1 1
Ž .dimensionless number, N, of such spherules, in the aggre-

Ž .gate. This implies that we can definercalculate N ®,a viaeff
®r® , so that1

33 2N s a r 36 p ® s ara ® 1w xŽ . Ž . Ž .eff min

Ž .see, also, the section on nomenclaturerlist of symbols .
Moreover, for a true fractal aggregate containing N equal-
sized spherules, we find that its nonsphericity j is simply
wŽ .1r3 xN y1. Since, in our present work we rarely find aggre-
gates containing more than about 125 spherules, this means
that j will normally be much less than 5y1s4. Indeed, for
j values much above 1 the most likely morphology in our

Žsampled flames is a fractal-like aggregate Dobbins and

March 2002 Vol. 48, No. 3 AIChE Journal478



.Megaridis, 1987; Koylu et al., 1995 , with D s1.7, containing¨ ¨ f
more than eight spherules. This leads us, provisionally, to
choose

1.7 for j )1 2aŽ .
D ®,a sŽ .f ,eff ½ 1.7q 3y1.7 ?cos pjr2 for j -1 2bŽ . Ž . Ž .

Ž .ensuring that nearly spherical particles with small j-values
will have effective D values near 3. By using our experimen-f

Ž .tally observed prefactor ca. 2.3; Xing et al., 1997 for D s1.7,f
and combining this value with the expected asymptotes for

ŽŽ .1r2 .D s1 3 and, for the fully sintered D s3, Ns1 limit,f f
Ž .we suggest and use the following k D interrelationg f

1r2k D s 3 q0.210 D y1Ž .Ž . Ž .g f f

q2.29 D y1 r2 ? 3y D r2 3Ž .Ž . Ž .f f

The preceding relationships lead immediately to the follow-
Ž .ing expression for the effective gyration radius, R ®,agyr,eff

1rD f ,effR ®,a s d r2 ? N rk 4Ž . Ž .Ž . Ž .gyr,eff 1,eff eff g

which will be used in our prediction of laser light scattering
Ž .LLS signals from our sintering populations of alumina par-
ticles. It remains for us to specify two additional important
characteristic diameters for our nonspherical particles. One
is the effective collision diameter for a particle with state
variables ® and a, which we provisionally take to be

1r2
d ®,a s D q2 rD ? 2 R 5Ž . Ž .Ž . Ž .coll,eff f f gyr,eff

Ž .It will be shown below ‘‘Results and Discussion’’ that this
choice, albeit plausible, seems to systematically underesti-
mate our observed Brownian coagulation rates. The second is
the projected area-equivalent aggregate diameter, d ,a,proj,eff
which is one of the quantities that has been measured di-
rectly from our TEM images. For the latter we take

Ž .D y1.7 r1.3Ž .3y D r1.3 f1r2f0.44 w xd s d ? N ? ar pŽ .� 4 � 4a,proj,eff i ,eff eff

6Ž .

which has the correct limiting behavior for both tenuous frac-
Ž .tal aggregates Cai and Sorensen, 1994 and dense spheres.

Indeed, this effective diameter departs only slightly from
Ž .1r2arp for all shapes.

BVQMOM: Attributes and implementation; Numerical
aspects

The simulation of an atmospheric pressure counterflow
diffusion flame reactor producing ‘‘nanoparticles’’ involves the

Ž‘‘free-molecule’’ Brownian coagulation kernel which exhibits
.greater variations than in the continuum regime as well as

rapidly changing time scales for coagulation and sintering.
Thus, the counterflow diffusion flame is a more demanding
case for the bivariate QMOM than the idealized, constant

Žtime-scale continuum cases studied earlier Wright et al.,
.2001 . Indeed, we encountered computational diffculties with

the versions of the bivariate quadrature scheme presented,
Ž .and successfully exploited, in Wright et al. 2001 . The causes

of these difficulties were traced to the GAUCOF routine at
the core of the quadrature scheme. To overcome these diffi-
culties, we examined alternative ways to implement BVQ-
MOM, giving special consideration to the requirements of
simulating nanoparticle formation in our CDF environment.
As a result, the following simplified 3-point variant of the
quadrature scheme, equivalent to the use of nine moments,
was developed.

To capture details of the evolution of the alumina
nanoparticle population, the QMOM has been applied along
the z-axis, here using the two particle state variables: volume,

Ž .®, and excess surface area, e[ ay a ® . At each locationmin
Ž Ž .along the z-axis, the ‘‘weights’’ surrogates for the pdf ®,a

.ordinates; Wright et al., 2001 are scaled according to local
particle volume fraction f , which is obtained from the pre-p
dicted v and r . QMOM-step sizes were determined adap-p g
tively, as described below. Mass fractions and environmental
constants at the QMOM simulation points are obtained from

Ž .CFD results the section on uncoupled host flow field . These
were smoothed with a polynomial fit to prevent spurious ef-
fects resulting from our ‘‘forcing’’ the temperature profile,
Ž .T z , at a limited number of points near the peak tempera-

ture.
When devising the new implementation of the QMOM, we

started by considering the demands on accuracy when pre-
dicting coagulation and restructuring in nanoparticle cases,
which typically involve very high particle number concentra-
tions. At high number concentrations, coagulation brings
about a rapid growth in average particle size, which has a
significant effect on restructuring rates. Therefore, inaccura-
cies in coagulation predictions are directly transmitted to
particle shape evolution predictions. In contrast, the inverse

Ž .effect of the restructuring process on coagulation rates is
only of secondary importance. It is true that fractal-like parti-
cles have higher coagulation rates than spherical particles of
equal volume, but coagulation rate predictions are not very
sensitive to minor errors in restructuring predictions. There-
fore, the starting premise for our present version of BVQ-
MOM is that coagulation should be modeled as accurately as
possible, and its accurate prediction is a prerequisite for si-
multaneous restructuring predictions. The univariate QMOM

Ž .is rather accurate McGraw, 1997 . Therefore, we use a 3-
point quadrature for pure volume moments as the principal
quadrature. If we take the coagulation coefficients as given
quantities, we get accurate predictions of coagulation this way.

A three-point quadrature for pure volume moments was
used as a part of the original multiple three-point quadra-
ture. The set of volume abscissas, ® , and weights, w , ob-i i
tained from the pure volume quadrature and moments M ,1r3 l
for ls1, 4r3, 5r3, formed a linear system of equations, which
was solved for the area abscissas, a . For the purposes of CDFi
analysis, we need to calculate a number of spatially varying
intermediate quantities, such as the effective fractal dimen-

Žsion which, in earlier studies, was assumed to remain con-
.stant throughout the simulation . With the 3-point quadra-

ture, we have to rely on three representative points to pro-
vide data from which we can infer such quantities. Therefore,
it is important that these points be as representative as possi-
ble. A problem with the earlier method was that there was no
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guarantee that area abscissas were assigned values greater
Ž .than that of a volume-equivalent sphere a ® . To enforcesph

this necessary condition we switched from using area itself as
the second state variable to area in excess of a volume-equiv-

Ž .alent sphere, that is, e[ ay a ® . In the present imple-sph
mentation, the bivariate moments, M , are a set of mixedk, l

Žmoments of volume and excess area, defined for the pur-
.poses of this section only as

` `
k lM s n e n n ,e dn de 7Ž . Ž .H Hk , l

0 0

An N-point quadrature expression for M with quadraturek, l
� 4points n , e , w isi i i

N
k lM s n e w 8Ž .Ýk , l i i i

is1

Excess area abscissas, e , are determined from these mo-i
ments in a similar manner to the way the area abscissas were
determined in the original scheme. In our present implemen-
tation, we therefore have

3
k 1r3M s n e w ks1, 4r3, 5r3 9Ž .Ýk ,1r3 i i i

is1

This is a system of three linear equations in the three un-
knowns e , is1, 2, 3 that can be solved with ® and w previ-i i i
ously obtained from the pure volume moments.

The calculation of the evolution of the new mixed mo-
ments during coagulation is done in a fashion similar to ac-
tual areas, the difference being that the resulting new excess
areas are now calculated as follows

e s e q e q a n q a n y a n qn 10Ž . Ž . Ž . Ž .new 1 2 sph 1 sph 2 sph 1 2

The N-point excess-area-based quadrature approximation for
the bivariate moment evolution due to coagulation is now

N NdM 1kl kf n qn e q e q a nŽ . Ž .�Ý Ý i j i j sph jdt 2coag is1 is1

l k l k ly a n qn yn e yn e = b n , n , e , e w w .Ž . Ž .5sph i j i i j j i j i j i j

11Ž .

A problem with any method that uses only a few moments
is that other moments and derived quantities are not neces-
sarily predicted with adequate accuracy. An aspect of special
practical importance is that conser®ation of area during coag-

Ž .ulation without restructuring assumed in the model is only
approximate, and the method as written previously seems to
have a tendency for small systematic errors for area that can
distort our predictions. We, therefore, improved the accuracy
of the method by numerically enforcing the conservation of
area during coagulation. This was done by multiplying the

excess area abscissas obtained from the mixed moments using
Ž .Eq. 9 denoted with a subscript quad with a factor h, de-

fined such that total area is forced to remain constant during
coagulation

e she 12Ž .i quad i

where h is obtained using previous values of the abscissas
denoted with a subscript pre®

a ya n e qa n ya nŽ . Ž . Ž .prev sph quad prev sph prev sph quad
hs s

e equad quad

13Ž .

Restructuring is modeled as a change in the excess area ab-
scissas, with the rate-of-change determined by an equation
Ž .cf. Eq. 25 for excess area reduction due to sintering.

To deal with the problem of order-of-magnitude variations
in the time-scales during coagulation, we have made the
timerspace step sizes in the program adaptive. Relative
changes rates in the number of particles and the degree of
sintering were used to determine the step sizes such that the
relati®e changes remain small during each step.

We reiterate that in this study, our primary interest is in
the coagulation and sintering behavior of the alumina

Ž .nanoparticles, and we do not attempt to model or measure
the details of their nucleationrvapor growth from the near-

ŽPIP reaction between TMA and water vapor see, also, ‘‘Rec-
.ommendations for Future Work’’ . Because the nucleated

particles rapidly grow into the nondiffusive size range, we can
Žneglect axial Brownian diffusion in this study see the ‘‘Re-

.sults and Discussion’’ section . Moreover, in the free molecu-
lar regime, particle thermophoresis can be assumed to be in-

Ž .dependent of particle size and morphology Eq. 27 below .
Thus, irrespective of their volume or area, all particles can be
assumed to be transported axially at equal local velocity.
These simplifications imply that, for modeling aggregate be-
havior in our laminar flame reactor, it is sufficient to con-
sider the residence time-temperature history of this evolving
particle population. A one-dimensional Lagrangian simula-
tion along the z-axis from the particle inception plane to the
particle stagnation plane can therefore be carried out for the
assessment of aggregationrsintering models using our spa-

Ž .tially resolved measurements ‘‘Experimental Database’’ . On
the downstream side of the particle inception plane, that is,
at z , the TMA-feed rate provides the initial alumina massPIPq

Žfraction via a balance on the chemical element Al Rosner,
.2000a . Since at this stage we do not model nucleation and

other initial phases of particle formation, initial particle vol-
umes and areas are given such that they agree with our data
at the first measurement location at zs2 mm, by which all
particles are assumed to have already formed. The velocity

Ž .profile the section on the uncoupled host flow field pro-
vides a natural boundary condition at z , the particle stag-PSP
nation plane.

An additional consideration is the spreading of the flow
around the z-axis when approaching the particle stagnation
plane. This means that r n is not constant along the z-axisg g
and this must be accounted. One can think of a narrow con-
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trol volume cell along the z-axis with constant dimensions in
the y-direction. Part of the mass flow entering from below

y y Ž .r n does not leave the cell at the upper edge q , but flowsg g
out through the sides of the cell. By subtraction, the mass
flux through the sides of the cell is rynyy rqnq. This termg g g g
needs to be accounted in all of the balance equations, includ-
ing that for the particle mass fraction, v . Since there are nop

Žsignificant temperature gradients in the y-direction per-
.pendicular to the z-axis , we have for the total particle mass

balance

vyrynys v c rynyy rqnq q vqrqnq 14Ž .Ž .p g p p g g g g p p p

where v c is the particle mass fraction in the cell. Equationp
14 can be solved numerically along the z-axis using the local
environmental conditions provided by the CFD simulation.
We have used an implicit scheme for estimating v c.p

‘‘Obser©ables’’ in terms of n and a; rele©ance of selected
‘‘mixed moments’’

Ž .Consider any local ‘‘observable,’’ OO z , which can be writ-
ten in terms of a weighted integral over the joint number

Ž .density distribution function n ®, a; z

` `
OO z s W ®, a ? n ®, a; z ? d® da 15Ž . Ž . Ž . Ž .H H

0 0

Clearly, whenever the relevant weighting function can be rig-
orously written or approximated, as a power-law in ® and a

Ž .with exponents k and l, respectively, then OO z will simply
Ž .be proportional to the local ‘‘mixed’’ moment M z , wherekl

` `
k lM z [ ® ? a ? n ®,a; z ? d® da 16Ž . Ž . Ž .H Hk , l

0 0

As a consequence of their definitions, it is clear that the total
Ž .local particle number density, N z will be M , the totalp 0,0

local ®olume fraction, f, will be M , and the total area per1,0
Z Ž .unit volume, written a , will be M z . Ratios of these par-0,1

ticular moments therefore define the local population-mean
Žparticle volume ®s M rM , and the corresponding mean1,0 0,0

surface area as M rM . We will also have occasion to use0,1 0,0
Ž .dimensionless mixed moments, m , which plays the role ofkl

Ž .jpdf ‘‘shape factors’’ Rosner et al., 2000 . These are defined
by

lkw x w xm s M r ® ? a ? N 17Ž . Ž .� 4kl kl p

Ž .Of course, because of the functional form W ®,a , many
Žobservables cannot be concisely described in terms of one or

. Ž .a small number of particular mixed moment s . This is espe-
cially true of the light scattering signal, say at 90 degrees,
considered explicitly below, as well as other quantities, such

Žas the rms R , inferred from our ALS data Xing et al.,gyr
.1999 . An important attribute of the BVQMOM simulation

method here is that, irrespective of the functional form of
Ž . Ž .W ®,a , any observable OO z can be numerically obtained by

a Gaussian quadrature, using the formal respresentation

OO z ( W ® , a ? w ® , a 18Ž . Ž . Ž . Ž .Ý i i i i
i

Ž .where the indicated ‘‘weights’’ w ® , a are clearly related toi i
Ž .the ordinates n ® , a ; z . When W can be written as a poweri i

law in ® and a, then it is also clear that we will always be able
Ž . Ž .to evaluate OO z from the product of W ®, a , N , and thep

corresponding dimensionless moment m just defined. Thus,kl
for example, we can always express

w xw xd s 6 ®ra ? m 19Ž . Ž .1,y11

3 2Ns a r 36 p ® ? m 20Ž . Ž . Ž .Ž . y2,q3

where it must be kept in mind that the indicated dimension-
less mixed moments are systematically different from unity
ŽRosner et al., 2000; Rosner and Yu, 2001; and Figure 9 be-

.low .
Returning to the BVQMOM prediction of the LLS signal,

Ž .we note that the local scattered intensity, I z , at any scatter-
ing angle, u , can be written in the form

` ` 6I z sconst ? N? d ? S ? n ®, a; z d®? da, 21Ž . Ž . Ž .Ž .H H 1
0 0

Ž .where the structure function S qR , N, D is displayed in1 f
Ž . Ž . Ž .Figure 7 of Filippov et al. 2000 , q[ 4prl ? sin ur2 s

0.017271 nmy1 for u s90 degrees, and we will introduce our
‘‘effective’’ values for R s d r2, N and D , using a local1 1 eff f ,eff
Gaussian quadrature to evaluate the indicated double inte-
gral.

For our present purposes, we developed a simple but ac-
ceptable ‘‘curve-fit’’ for S, which can be written in the
‘‘pseudo-power-law’’ form

Ss N m if qR -1 22aŽ .1

Ss1 if qR )1 22bŽ .1

Ž .Here the variable exponent, m, is locally given by

mf1r 1q0.0895 ? log N r D ? log 1r qRŽ . Ž .Ž . ŽŽ .� 410 f 10 1

23Ž .

ŽThis has the correct behavior for both small qR Guinier;1
. Žwhere S approaches N , near-unity qR where log S ap-1 10

.proaches 1 with the log-log slope of y D , and the indicatedf
Ž .const 0.0895 has been chosen to force graphical agreement

at the ‘‘crossover point’’ shown in figure 7 of Filippov et al.
Ž .2,000 for the case Ns120. While not a simple power law in

wthe state variables ® and a, this relation and the integral
Ž .x Ž .Eq. 21 , have been used to generate the normalized I z

Ž .predictions marked ‘‘full BVQMOM’’ in ‘‘Results and Dis-
Ž .cussion.’’ It will also be instructive to compare the ‘‘full’’ I z

Ž .result with the limiting LLS cases of ‘‘Guinier’’ Ss N and
Ž .isolated spherules Ss1 . These latter presumptions lead to

Ž .a normalized I z proportional to the local mixed moments,
M and M , respectively.4,y3 2,0
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Finally, as a generalization of these limiting cases, it may
be useful to note that, if the value of the ‘‘exponent’’ m just
given is evaluated using only the local population averaged

w Ž .quantities: N, D , and R as though n ®, a; z had no spreadf 1
x Ž .in either volume or area , then the predicted LLS signal, I z ,

would be locally proportional to the moment M where kskl
Ž . Ž .6y2 ? mq1 and ll s3 ? mq1 y6.

Coagulation rate law
Because of their small size, especially compared with the

Žgas molecule mean-free-path, l , near the thin flame ca. 600g
.nm , we treat the aggregate-aggregate collision frequency us-

ing the bi-‘‘molecular’’ kinetic theory rate b , with the ef-f m,i j
fective collision diameters obtained from Eq. 5, assuming that
every such encounter is ‘‘successful.’’ Thus, for the BVQ-
MOM simulations reported in ‘‘Results and Discussion,’’ we
use the second-order rate constant

1r21r2 y1 y1'b s 4r p ? 8k T r pr ? ® q ®Ž .Ž .Ž .f m , i j B p i j

2
? pr4 ? d q d 24Ž . Ž .Ž .coll,i coll , j

The apparent need for future improvements of this choice
will be discussed in ‘‘Results and Discussion’’ and the section

Ž .on improved rate-laws, and Zurita-Gotor and Rosner 2001 .

Sintering rate law
Ž .Following Koch and Friedlander 1990 , we adopt a sinter-

ing rate law of the simple functional form

asy ay a ® rt 25w xŽ . Ž .˙ min f

where, for the simulations reported below, we choose the lo-
cal characteristic fusion time, t , to be of the surface diffu-f
sion-controlled form:

4t s k T ? d r2 r 24D ? ® ? s ? d 26w xŽ . Ž . Ž .Ž .f B 1 s m

Ž .seen to be proportional to the fourth power of d s 6®ra1,eff
and extremely sensitive to local temperature, mainly via the

Ž .Boltzmann factor, exp y E rRT governing the T-depend-diff
ence of the diffusivity, D . In the nanospherule domain, wes
anticipate the need for systematic improvements of this ex-

Žpression for t Xing and Rosner, 1999; Lehtinen andf
.Zachariah, 2001 . However, in keeping with our immediate

Žobjectives, these refinements briefly discussed in the section
.on improved rate laws and transport property information

will be postponed to future extensions of this work. For the
Žpresent, we content ourselves with illustrating ‘‘Results and

.Discussion’’ how such BVQMOM simulations, when com-
Ž .pared with our experimental data for, say, N z , could ulti-

mately be used to extract a best-fit value for the previously
mentioned surface diffusion coefficient activation energy bar-
rier, E .diff

Neglect of axial Brownian diffusion
Outside of near-PIP and near-PSP ‘‘sublayers,’’ as well as

Ž .outside of the flame thickness itself where V changes sign ,T
which our present experimental methods cannot spatially re-
solve anyway, we can neglect the contribution that axial

Brownian diffusion makes to the total axial velocity of the
Ž .particles, ® z . However, especially near the flame sheet,p, z

this velocity noticeably differs from the local gas velocity,
Ž . Ž .® z , by the thermophoretic drift velocity, V z , which isg, z T

fortunately insensitive to aggregate size and morphology
ŽRosner et al., 1991; Gomez and Rosner, 1993; Zurita-Gotor

.et al., 2000 , being well-approximated by the Waldmann
Ž .sphere result for diffuse reflection and Kn41

V z s0.5385 mrr y dT rdz rT 27Ž . Ž . Ž .Ž .gT g g

Ž .Here, mrr is the local gas momentum diffusivity, esti-g
Ž .mated based on the local measured gas temperature, and

the dominant local species compositions, as predicted from
Žour FLUENT simulations of this CDF structure see the fol-

.lowing section .
We comment in ‘‘Results and Discussion’’ that, in the par-

ticle-laden domain between z and z , axial BrownianPIPq PSPy
diffusion contributes less than 0.02 percent of the total axial
flux of particles. As an important corollary of this approxima-
tion, in the region experimentally probed, z becomes a
‘‘timelike’’ variable due to the absence of the term propor-

Ž . 2 2tional to D ®, a; z ? d nrdz in the Eulerian population bal-p
ance equation.

( )Uncoupled Host Flow Field: FLUENT-Calculated © zg , z
( )and corresponding © zp,z

To obtain the axial velocity profile of the gas along the
z-axis, as well as a reliable estimate of the major species con-

Žcentrations such as to evaluate the local momentum diffusiv-
. Ž .ity , a computational fluid dynamics CFD analysis of the

CDF reactor was performed. Given our present purposes, this
was a more attractive alternative to using tracer particle
laser-velocimetry in the transverse direction, followed by a
mass balance to reconstruct the corresponding axial gas ve-

Ž .locity distribution Gomez and Rosner, 1993 . Now-standard
methods of the CFD program FLUENT were used. In addi-
tion to normal laminar flow-convective diffusive equations for
velocity components and enthalpy supplemented with the
pressure correction equation, we solved convective-diffusive

Žequations for the ‘‘major’’ gas phase species N , O , CH ,2 2 4
.CO , CO, H O mass fractions with source terms for com-2 2

bustion reactions. Methane combustion was simply modeled
as a two-step mechanism, with CO as the intermediate species
and Arrhenius parameters for methane decomposition taken

Ž .from Jones and Lindstedt 1988 and, for CO decomposition,
Ž .from Howard et al. 1970 . The equations were solved in the

two-dimensional xs0 plane with a well-justified assumption
of minimal side-‘‘wall’’ effects near the center plane. As a
starting point for the CDF simulation, we chose to rely on

Ž .our TC-measured temperature data Figure 2 and use these
values as an input for the simulation. This was done by pro-
viding ‘‘penalty’’ source terms at a number of points along the
z-axis that force the CFD solution toward the measured val-
ues. Also the gas stagnation plane was fixed in a similar man-
ner such that the experimentally observed particle stagnation
planes were obtained in the simulations. The limited degree
of detail in our combustion chemistry model was deemed ad-
equate since we rely on forcing agreement with the observed

Žtemperature profile, and the computed major species see
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Figure 2. Thermocouple-measured gas temperature
( )distribution, T z , within steady, laminar

counterflow methanerrrrr‘‘air’’ diffusion flame.
Ž . Ž .After Xing et al. 1996 ; Xing 1997 .

.earlier will dominate the mixture viscosity and mass-density
behavior.

Axial particle velocities will, of course, systematically devi-
ate from the computed local gas velocity due to a ther-
mophoretic drift in CDF regions where dTrdz is appreciable.
For free-molecular regime particles, this thermophoretic ve-
locity in the z-direction is adequately estimated using Eq. 27
Ž .Gomez and Rosner, 1993; Zurita-Gotor et al., 2000 . The
time-temperature history of the alumina particle population,

Žneeded for our BVQMOM simulations see the section on
.BVQMOM , is then obtained from this local particle velocity,

® , which is the algebraic sum of the local FLUENT-com-p
puted gas velocity, ® , and the local thermophoretic velocityg

Ž .drift along the z-axis see Figure 3 .

Results and Discussion
We turn now to predictions our formulation of BVQMOM

dealing with measured aerosol population properties}both
thermophoretically based and laser-based.

Figure 3 presents our calculated axial velocities for the host
gas and the alumina nanoparticles. Since the thermal force
pushes particles away from the hot flame, particle velocities
on the fuel side are systematically smaller than gas velocities,
but larger after passage through the flame. Axial tempera-
ture gradients are the largest on the fuel side, and this is
where the thermophoretic ‘‘drift’’ velocity is the largest. It is
noteworthy that thermophoretic velocity is also relati®ely large
close to the particle stagnation plane. Incidentally, to assess
the possible importance of buoyancy, we carried out some
FLUENT simulations of CDF with disabled buoyancy. Based
on these simulations, we conclude that buoyancy effects are
only of secondary importance in the present case.

Our predictions for the spatial distribution of particle vol-
Ž .ume fraction f Figure 4 are in good agreement with the

laser light scattering measurements. Initially, much of the de-

Figure 3. FLUENT-calculated host gas axial flow veloc-
ity field and predicted particle axial velocity
distribution.
Allowing for axial particle thermophoresis.

crease in volume fraction is due to thermal expansion of the
host gas. However, across the flame ‘‘sheet’’ there is a dra-
matic drop in f. This is a direct result of the thermal force
that always pushes particles away from the FLP and, thus,
increases particle concentration below z but decreasesFLP
above z . The axial location of the concentration drop atFLP
the flame plane is, of course, predicted correctly, and so is

Ž .the magnitude of the drop here ca. half of a decade . In

( )Figure 4. Measured methods indicated and BVQMOM-
( )predicted alumina volume fraction M pro-1,0

files.
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Figure 5. Measured and BVQMOM-predicted spherule-
and aggregate-effective diameter evolution.

contrast, postflame TPSrTEM-based estimates of f do not
seem so accurate, probably because of the poorer spatial res-
olution of this ‘‘immersion’’ technique.

Figure 5 presents our BVQMOM predictions of the evolu-
tion of various population-averaged particle diameters. Pre-

Ž .dictions for mean projected area d aggregates and meanproj
spherule size d are presented as bold lines. TPSrTEM-based1
experimental data for these quantities are also shown for

Ž .comparison. The general accord of the d spherule predic-1
tions with the measured values is a direct consequence of our
best-fit selection for the activation energy for surface diffu-

Ž .sion-controlled sintering see Figure 7 . One can note, though,
that there is no clear increase in the measured spherule sizes
at z as a result of rapid local sintering, with the measuredFL
growth in spherule size being more gradual. The predictions
for the aggregate dimension d clearly do not indicate asproj
much growth as the TEM images do. This seems to indicate

Žthat our present Brownian coagulation model based on the
.collision diameter given by Eq. 5 underpredicts coagulation

rates in our present implementation of BVQMOM. We also
note that the values of d are very similar to the values ofa
d .coll

Figure 6 displays our predictions for the mean effective
number of spherules per aggregate N . Note that N initiallys s
increases due to coagulation until near FLP when there is a
marked decrease due to rapid sintering. Our predictions of

Žthis quantity seem to be rather sensitive to the initial near-
.PIP particle population. For example, small changes in the

initial spread of this population resulted in large changes in
the predicted level of the spherule number. Ironically, based
on these particular results, it seems that the extent of coagu-
lation has been overpredicted. The comparison with dproj
predictions is not straightforward, since the particle popula-
tion is averaged in a different way in these predictions. How-
ever, qualitatively, the measured and predicted results for Ns
are similar, with the location of rapid sintering predicted cor-
rectly.

Procedurally, the activation energy for sintering by surface
diffusion can be obtained as a best-fit for simulation of the
data from two flames with different TMA concentrations. Too

Figure 6. Measured and BVQMOM-predicted aggregate
[ ( )]size mean spherule number, N z evolu-s

tion.

small assumed activation energy values yield too large
spherule sizes that sinter too early in the flame, while the
resverse occurs with activation energy values that are too
large. Figure 7 displays these differences in the predictions
for the effective number of spherules, with three choices for

Žthis activation energy: 0.7 GJrkg ?mol, 0.8 GJrkg ?mol opti-
.mum , and 0.9 GJrkg-mol. Note that using 0.7 GJrkg ?mol,

sintering takes place too early, and using 0.9 GJrkg ?mol, sin-
tering does not bring about a major decrease in the number
of particles. Looking at the final number of particles, a value
slightly greater than 0.8 GJrkg ?mol would seem to be the
optimum. However, for cases with the other flame, the opti-
mum is slightly below 0.8 GJrkg ?mol. As a compromise, we
have adopted the value 0.8 GJrkg ?mol, but further improve-
ments must be introduced into our mathematical modeling of

Žthe sintering rate law including a consideration of the ‘‘pre-
.exponential’’ terms, and morphological complexity before this

parameter can be assigned a molecular-level meaning.
Our BVQMOM predictions of the normalized LLS signal

Ž .at 90 degrees are displayed in Figure 8, along with previ-
Ž .ously reported measurements Xing et al., 1996, 1997, 1999 .

The curve marked ‘‘full BVQMOM’’ employs a compact
w Ž .xcurve-fit to the actual ‘‘structure factor’’ S qR ; D , N as-1 f

Žsociated with fractal aggregates according to RDG theory
for assemblies of Rayleigh scattering spherules; see, e.g., Fil-

.ippov et al., 2000, fig. 7 . Since this function is by no means a
power law in the particle state variables volume and area,
and because the nature of our expressions for the effective

Žvalues of R , D , and N see the section titled ‘‘®, a Descrip-1 f
. Ž .tion’’ , the resulting I z relation is proportional to no single

Ž .mixed moment of n ®, a; z . For comparison, instructive pre-
dictions are also shown for the extreme cases in which one

Ž .‘‘presumed’’either isolated spherule scatterers Ss1 , or that
all the elastic scattering took place far into the so-called

Ž .‘‘Guinier regime’’ where Ss N . In our present notation
Ž .these two ‘‘idealized’’ I z relations are therefore propor-

tional to M and M , respectively. We see that the suc-4,y3 2,0
cessful prediction of LLS intensity requires inclusion of the
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Figure 7. Inference of the sintering rate activation en-
ergy parameter, E , via comparison of mea-diff
sured and BVQMOM-predicted alumina ag-

[ ( )]gregate size N z evolution.s

Žaggregate structure factor. Even beyond the flame between
.z and z , predictions based on isolated Rayleigh spheresFL PSP

are particularly far from the mark.
Figures 9a, 9b have been constructed to display the fact

Ž .that, as anticipated Rosner and Yu, 2001 , the parameter
Dam is changing too rapidly in our flames to ‘‘permit’’ thef
assumption of ‘‘local self-preservation’’ with respect to vol-
ume and area. Rather than displaying the dimensionless dis-

w Ž .xtribution functions, ®a n ®, a; z rN themselves, instead, wep
compare, in the spirit of moment methods, the dimensionless

Ž .moment ‘‘surfaces,’’ m , on the k,l plane. Figure 9a showskl

Figure 8. Measured and BVQMOM-predicted laser light
(scattering signals normalized; scattering an-

)gles90 deg .

Figure 9. Local departures from ‘‘Bivariate Self-Pre-
servation’’ via dimensionless mixed-moment
‘‘fingerprints’’on the k, l plane.
Ž . Ža Assuming local ‘‘self-preservation’’ at z s 4 mm flame

. Ž .a1; TMA feed rate: 0.8 mLrh ; b BVQMOM-result at
same location.

Žthe appearance of this surface via iso- m values, in thekl
‘‘self-preserving’’ limit, when Dam is large enough to incurf
significant sintering between collision events. In contrast,
Figure 9b shows the same surface as computed using BVQ-
MOM for the actual aggregate population achieved at zs4

Ž .mm Flame No. 1; TMA feed rate of 0.8 mLrh . Departures,
especially in the direction of positive exponents k and l, are
apparent, confirming our expectation that presuming a ‘‘local
self-preservation’’ distribution function ‘‘shape’’ would not be
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Figure 10. Measured- and BVQMOM-predicted depen-
dence of mean spherule diameter on local

( )particle volume fraction via TMA seed level .
Ž .Open squares: measured at 0.41 ppm at PIP ; dark

squares: measured at 0.21 ppm; open circles: measured at
0.1 ppm; dark circles: measured at 0.05 ppm.

a successful approach to modeling particle evolution in such
‘‘dynamical’’ environments, probably predicting poorly parti-
cle numbers in the large ® and large a ‘‘tails.’’

Figure 10 displays our current predictions of the seed-level
dependence of mean spherule size}a quantity measured
rather directly from the TEM images obtained by ther-

Žmophoretic sampling section on immersion probing meth-
.ods . Note that, provided one fixed d at the TPS-TEM mea-1

Ž .sured values at zs2 mm , the BVQMOM predicts the re-
maining trends with position and volume fraction reasoanbly

Žwell. A challenging task for the future and one that will re-
quire a full ‘‘near-PIP sublayer’’ analysis; see ‘‘Recommenda-

.tions for Future Work’’ below is to predict the seed-level
dependence of d at the first measurement station.1

Conclusions and Recommendations
Principal conclusionsrrrrrimplications

As a necessary next-step in the development of Sol Reac-
tion Engineering simulation methods, not only capable of pre-
dictingroptimizing nanoparticle synthesis reactor perform-

Ž .ance, but also guiding their future scale-up Rosner, 2000 ,
Ž .we have ‘‘confronted’’ in the preceding section an extensive

Žset of local 2-phase CDF-structure data Xing et al., 1996,
1997, 1999; obtained using both laser-based in situ methods

.and thermophoresis-based ‘‘immersion’’ methods , with the
predictions of a potentially versatile bivariate quadrature mo-

Ž .ment-based BVQMOM simulation technique. While, for
simplicity, the present implementation of BVQMOM makes

Žuse of interim rate laws for coagulation and sintering ‘‘ ‘Ob-
.servables’ in Terms of ® and a’’and ‘‘Coagulation Rate Law’’ .

The encouraging results shownrdiscussed in the previous sec-
tion demonstrate that even a plausible 3-quadrature point BV
approach, equivalent to tracking ‘‘only’’ nine moments of the

Ž .joint pdf: n ®, a; z , when combined with the deliberately
simplified rate laws of the sections on coagulation rate and
sintering rate laws, is able to capture most of the essential
features of our observed morphologically evolving and coagu-
lating alumina nanoparticle populations. Moreover, this has
been demonstrated in a nontrivial laminar flow field with ap-
preciable axial particle thermophoresis, in which particle
heating and cooling rates are of the order of 30,000 Krs and

Žin which low temperature aggregation at sub-ppm volume
.fractions gives way to rapid sintering-coalescence near the

ca. 2,300 K flame temperature, prior to exiting the quasi-
one-dimensional flame structure near the particle stagnation

Ž .plane PSP; Gomez and Rosner, 1993 on the oxidizer side of
the diffusion flame. The results of this instructive test are
especially encouraging because the Gaussian quadrature-

wbased MOMs implemented here the section on BVQMOM;
and its immediate predecessors: McGraw, 1997; Wright et al.,

x2001 have the following attractive and probably indispensi-
Ž .ble features: They are A1 free-of any presumption about

the shape of the particle number density distribution func-
Ž . Ž .tion, written: n ®, a; z ; A2 allow the introduction of rate

laws for coagulation and sintering of arbitrary complexity; and
Ž .A3 lead to evolution equations, governing a preselected

Ž .subset of moments of n ®, a; z of the standard con®ecti®e-
diffusion form, hence permitting generalization to more com-
plex flow fields using now-standard CFD techniquesrsoft-
ware. With further development we therefore believe that this
class of new QMOM-based simulation methods will enable
engineering predictions for even more complex nanoparticle
synthesis reactors of industrial interest, including those that
are multidimensional, turbulent, and even operating outside

Ž . Žof the domain governed by the ideal host- gas law see
.‘‘Recommendations for Future Work’’ below .

( )Impro©ed rate laws coagulation and sintering and
transport property information

At least two aspects of the results reported here indicate
that further systematic improvement of the input rate laws
will be necessary. In ‘‘Results and Discussion’’ it was ob-

Ž .served cf. Figure 5 that the predicted rise in the
population-averaged projected area-equivalent diameter of

Žthe alumina aggregates, especially between zs2 mm T s
. Ž .350 K and zs6 mm T s2,000 K , was noticeably less than

the corresponding values based on image-analysis of the ag-
gregate images appearing on our TEM grids. This suggests
that Eq. 5, an approximation widely used to simulate fractal
aggregate coagulation rates in uncharged aerosol systems at
sub-ppm volume fractions, may systematically underestimate
the effective collision diameter of these coagulating aggre-
gates. While other possibilities may be considered, we are
currently studying the encounters of computer-generated
fractal aggregates to decide on a more accurate description

Žof this important aggregate property Zurita-Gotor et al.,
.2000 . Of course, this systematic error will influence other

morphologically sensitive predictions, including our predic-
Žtion of the laser light scattering intensities at, say, 90 de-

.grees shown in Figure 8.
Turning to the rate law for area reduction by high temper-

ature sintering, we note that while Eqs. 25 and 26 evidently
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can capture the aggregate ‘‘collapse’’ process, the ‘‘optimal’’
value of the energy barrier, E , formally extracted from ourdiff
simulations, equivalent to ca. 190 kcalrmol, seems rather large
compared to values independently inferred for macroscopic
alumina particle sintering under isothermal conditions, espe-
cially when the mechanism of surface-diffusion is dominant.
Recently proposed refinements of the sintering rate law ap-

Žpropriate to nanoaggregates Xing and Rosner, 1999; Lehti-
.nen and Zachariah, 2001 , to be investigated in our follow-on

research, are unlikely to be sufficient, since our spherule di-
ameters were often as ‘‘large’’ as ca. 30 nm, containing of the
order of a million Al O ‘‘molecules.’’ Rather, the required2 3
improvements may have to come from aggregate morphologi-

Ž .cal considerations departures from the 2-sphere limit , our
investigation which was initiated in Rosner and Tandon
Ž .1997 .

Turning finally to our particle transport property esti-
Ž .mates, the level of agreement displayed Figure 4 in our lo-

Ž .cal volume fraction predictions, f z , suggests that our un-
derlying assumption about the size and morphology insensi-
tivity of the thermophoretic drift velocity are, indeed, suffi-
ciently accurate. This has been confirmed by our indepen-
dent MC-based aggregate-level predictions of orientation-

Žaveraged thermophoretic velocities Zurita-Gotor et al.,
.2000 , which are typically within 3 percent of the Waldmann

single-sphere result, Eq. 27, exploited here. This remarkable
conclusion, which of course underlies our use of ‘‘uncor-

Žrected’’ thermophoretic sampling probe data ‘‘ ‘Immersion’
.Probing Methods , is discussed in rather more detail in Ros-

Ž .ner et al. 1991 , and corroborated further in Gomez and
Ž . Ž .Rosner 1993 and Zurita-Gotor et al. 2000 .

Applications of BVQMOM to more complex flows?
Since the differential equations governing the selected bi-

Ž .variate moments, M x, t are of the standard convective-dif-kl
fusion form, our present BVQMOM formulation is readily
extended to more complex flows, including those that are fully

Žthree-dimensional, and perhaps transient to a fixed ob-
.server . We believe that the incorporation of these methods

into more traditional CFD reactor modeling will be an attrac-
tive next step.

Recommendations for future work
It may be useful to conclude with a brief assessment of

fruitful or instructive extensions of this work, based on our
BVQMOM simulation and measurement experience to date.
The recommendations below are certainly not exhaustive, nor
are they presented in any order of ‘‘priority.’’ They are merely
comments on each of several important questions that we be-
gan to consider in the course of this work, but were, usually
reluctantly, set aside. Indeed, we plan to address as many of
them as possible in our subsequent work, also, of course,
building on the experience of our colleagues in other labora-
tories.

‘‘Effecti®e Fractal Dimension’’ and a ‘‘Local Morphological
Equilibrium’’ Conjecture. The unique relationship we have
provisionally introduced between D and nonsphericity jf ,eff
Ž .Eq. 2 , while delightfully simple, we have to be relaxed in
our future studies. The need is clearest when considering our
optical and immersion probe experimental results early in the

flame between ca. zs2 mm and 4 mm, during which the
Žaggregates appear to be growing in size due to Brownian

.coagulation , and yet the optically inferred population-aver-
aged D is also increasing, albeit slowly. An attractive pos-f,eff
sible generalization, which would remian computationally
tractable, is to postulate a type of ‘‘local morphological equi-

Ž .librium’’ LME condition, according to which the effective
Ž .value of D , written D ®, a; environment , would re-f f,eff

spond to the local value of the Damkohler number for fusion,
that is, t rt for that particle. Here t would be its meancoag f coag
time between encounters, and t would be its characteristicf

w Ž .xfusion time, and D s fct Dam ®, a, environment suchf ,eff f
Ž . Ž .that for fct 0 s1.7, whereas fct ` s3. This type of LME

postulate, which would also have possible applications in the
modeling of crystallizers and related particle synthesis equip-
ment, should be implemented and evaluated in follow-on
studies. Of course, even LME will have its limitations, which
remain to be delineated.

( )‘‘Sublayer’’ Structure Analyses Near-PIP,-FL and -PSP ;
RolerE®aluation of Axial Brownian Diffusi®ity. These three
‘‘sublayers,’’ not well-resolved spatially by our present experi-
mental techniques, each warrant more detailed theoretical
attention. Indeed, in the language of ‘‘boundary layer theory’’
Žsee, e.g., Castillo and Rosner, 1996; Leal, 1992; Rosner,

.2000 , they are transition layers that must be matched to the
observed ‘‘outer’’ profiles, which ha®e been successfully

Ž .probed Xing et al., 1996, 1997, 1999 , and treated theoreti-
cally in this article. The near-PIP sublayer, within which TMA
hydrolysis, alumina particle nucleation, and vapor growth all
occur, is of special interest here because we have measured
the decisive spherule size distribution that ‘‘emerges’’ from it
Ž .near zs2 mm . It is already clear that these spherules are
too large, and too narrowly spread, to be the result of the
conceptually simple Ulrich-Friedlander ‘‘coagulation’’ mecha-

Žnism according to which the chemically produced monomers
are treated as nanoparticles that coagulate in the free-mole-
cule regime until a mean size is reached at which fusion is

Žunable to take place on the coagulation time scale Xing and
.Rosner, 1999; Friedlander, 2000 . In each of these sublayers

differential axial Brownian diffusion may play a nonnegligible
role. Indeed, this has motivated our recent MC-based studies
on the relationship between orientation-averaged inverse mo-
bility and the nonspherical particle state variables ® and a
Ž .Rosner et al., 2000 .

[Further Seeded CDF-Experiments Higher-TMA ‘‘Seed Le®-
( )els’’ Higher Particle Volume Fractions ; TiO Forma-2

]tionrE®olution in the Same Basic Flame Structure,... . While,
in these experiments and simulations, we have varied the alu-
mina volume fraction by over about a 1-decade range up to
ca. 0.6 ppm. It would be instructive to not only systematically
study still higher TMA seed levels, but also to seed the same
basic methanerair flames with precursors for other interest-
ing inorganics, incluidng TiO , SiO , and, say, Fe O . Be-2 2 2 3
cause of wide differences in volatilities, surface energies, and
sintering rates, predicting the resulting variations in, say, ob-
served spherule diameters would be a true test of our current
understanding of the governing physicochemical processes
and our present BVQMOM model, which is only applied here
to Al O data ‘‘alone.’’ Even for our existing alumina experi-2 3
ments, we still have not made full use of the reported seed-

Ž .level dependencies Xing et al., 1996, 1997, 1999 , which will
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be part of our future work on the use of improved rate laws
Ž .see below .

Supplementary Laser-Based Particle Diagnostic Techniques;
LII on Inorganics?. For studies in which nanoparticles of
materials like Fe O are synthesized in atmospheric pressure2 3
flames, it is also possible to supplement the laser light scatter-
ing techniques described in ‘‘In situ Laser-Based ALS Mea-
surements via RDGFA Theory’’ by those exploiting the ab-

Ž . Ž 2.sorption of short ca.-10 ns , high-fluence ca. 0.1 Jrcm
Ž .laser light pulses such as Nd-YAG at 532 nm . The resulting

Ž .space- and time-resolved particle incandescence LII signals
can be analyzed to yield local spherule size distributions
Ž .Filippov et al., 2000; Rosner et al., 2001 and, perhaps, local
relative volume fractions. Indeed, this monitoring technique
would open up the attractive prospect of nearly the real-time
monitoringrcontrol of spherule size}and, hence, particle-
specific surface area, for such flame reactors. The results and
implications of our recent LII experiments on iron-seeded

Ž .laminar flames will be discussed in Rosner et al. 2001 and
Ž .Schaffer 2001 .

Measurements and Modeling of Additional Features of Com-
bustion-Synthesized Nanoparticle Populations: Crystal Struc-
turerDisorder, Spherule Surface Characterization, Interspherule
Bond Strength. Depending on the application, there are par-
ticle attributes that may be of decisive industrial importance
Žsay, for catalytic surface activity, rheology control, binding to

.a polymer ‘‘matrix,’’ etc. that have deliberately not been dis-
cussed thus far. Since most would require additional ‘‘state
variables,’’ and many have not been measured, even in our
alumina experiments. Discussing their modeling would be
premature. One such controllable attribute might be the dis-
tribution of interspherule bond energies in the flame-pro-

Ž .duced aggregates, symbolically described by pdf e . But it11
Žremains to be determined whether this distribution or at least

.the local mean value of e can be conveniently11
measured}perhaps using a combination of LLS and LII at
fluences high enough to induce laser-induced aggregate

Ž .breakup LIABU ? This is one of several noteworthy possible
extensions of LII, beyond the scope of this article, currently

Žunder investigation in our laboratories Rosner, 2000; Rosner
.et al., 2001 .

(Consequences of Introducing Impro®ed Rate Laws Coagula-
)tion, Sintering . Suitably refined coagulation and sintering

Ž .rate expressions cf. Eqs. 5, 24, and 25, 26 should be able to
noticeably improve the level of agreement already evident in
Figures 4]8, describing our current round of BVQMOM sim-
ulations. Moreover, such comparisons can be used to test the
accuracy of alternative proposals for the effective collision

Ždiameter of fractal-like aggregates Zurita-Gotor and Ros-
.ner, 2000; Kazakov and Dryer, 2001 , and also provide more

Žrealistic estimates of physicochemical parameters such as
.E , ‘‘Results and Discussion’’ , perhaps even those unob-diff
Ž .tainable by more conventional e.g., isothermal furnace mea-

surements.
Initiating the Study of Tri®ariate Populations of Aerosol Parti-

cles; Is TVQMOM Feasible? Finally, as hinted earlier, there
are many industrially important aerosol populations that will

Ž .require a description that transcends the present use of
‘‘only’’ two state variables. While it is clear that MC-based
simulation methods can readily deal with extensions to more

Žthan two state variables Gooch and Hounslow, 1996; Rosner
.and Yu, 2001 , it remains to be discovered whether BVQ-

MOM can be conveniently extended to trivariate cases.

Summary
While the efficiency and accuracy of the BVQMOM was

first demonstrated in a constant-environment, continuum
Ž .regime case Wright et al., 2001 , the present CDF-study has

demonstrated the need for further developments and
‘‘calibrations.’’ In accord with the Gaussian quadrature phi-
losophy underlying the efficiency of our methods, coagulation
coefficients and observables are based only on their values at
the calculated quadrature points. But, ironically, these ap-
proximations currently prevent us from drawing firmer con-
clusions on the validity of postulated physical laws governing,
say, the aggregate coagulation and sintering rates. Thus, we
view our evaluation of the activation energy for sintering
Ž .‘‘Results and Discussion’’ and Figure 7 as only illustrative,
because it is difficult to know how much of the disparity be-
tween predictions and experimental results for d and Nproj s
is related to the present BVQMOM simulation method, and
how much to the embedded physical models. Clearly, de-

Žtailed comparisons with accurate albeit more time-consum-
.ing sectional andror MC predictions for cases like the ones

studied here will be required in the near future.
Several ‘‘hybrid’’ techniques, which retain the attributes of

each of their antecedents, should now be studied further. For
Ž .example, Wright et al. 2001 has presented a technique,

Ž .called MIDAS, for retrieving aerosol optical properties from
Ž .the QMOM-calculated moments of the univariate spherical

particle size distribution. In this technique, a set of smooth
Ž .distributions such as log-normals possessing the specified mo-

ments is generated and then used to carry out needed inte-
grals over the relevant number density distribution function.
This clear departure from the Gaussian quadrature philoso-
phy may be useful for certain future developments, since many
nanoparticle properties are rather complicated functions of

Ž .volume and excess area, and may not be adequately repre-
sented with weighting functions based only on estimation
at a modest number of quadrature points. Indeed, some
MIDAS-like technique might be used in the estimation of,
say, coagulation rate coefficients to provide better coverage
of the bivariate coagulation coefficient domain. While it is
difficult to foresee these future developments in detail, we
believe that new QMOM-based simulation methods of the
type illustrated in this article will offer a practical route to
more efficient designroptimizationrscale-up methods for
more complex particle synthesis reactors of industrial inter-
est.

Acknowledgments
Ž .These bi-variate quadrature-based moment method BVQMOM-

predictions of alumina nanoaggregate evolution in our seeded coun-
terflow laminar flame experiments have been made possible by a

Ž .Grant from NSF Grant CTS 987 1885 as part of the Functional
Ž .Nanostructures Program M. C. Roco, Director . J. J. Pyykonen was¨

a Visiting Graduate Assistant from VTT-Energy, Finland. His partic-
ipation in the Yale HTCRE Lab research program during 2000 was
made possible by a predoctoral grant from the Finnish Technology

Ž .Development Center TEKES . It is also a pleasure to acknowledge
the helpful commentsrcorrespondence of Drs. Robert McGraw,
Douglas Wright, Juan Fernandez de la Mora, Jorma Jokiniemi, Chris

March 2002 Vol. 48, No. 3 AIChE Journal488



Sorensen, Mauricio Zurita-Gotor, Pushkar Tandon, and Yangchuan
Xing.

Notation
asparticle surface area

a sminimum particle surface area if particle were sphericalmin
with same ®olume

Za saerosol population surface area per unit ®olumes N ? ap
d sprojected area]equivalent aggregate diameter; Eq. 6a,proj

d sparticle diameter corresponding to the volume ®g g
Ž .d sspherule diameter ‘‘primary’’ particles in aggregatel

d saggregate collision diameter; Eq. 5coll
D sBrownian diffusion coefficient for particle of volume ®p

and area a
Ž 2 .D ssurface diffusion coefficient units: m rss

Ž 2 .D sbulk diffusion coefficient units: m rs®
Ž .D sfractal exponent ‘‘dimension’’ describing morphology off

aggregate population
ŽEsactivation energy barrier aggregate restructuring; cf.

section titled ‘‘In situ Laser-Based ALS Measurements
.via RDGFA Theory’’

Ž .esa-a ® ; ‘‘excess’’ area variable; Eqs. 7]11min
Isintensity of scattered laser light

k sBoltzmann constantB
Kn sKnudsen number based on prevailing gas mean-free pathp

and particle diameter
l sgaseous molecule mean free pathg

Ž .M sk,lth moment of the jpdf : n ®, a, . . . ; Eq. 16k , l
m smass of particle of volume ® and area ap
msexponent appearing in N-dependence of structure fac-

tor; Eq. 22a
nssize distribution function dN rd®? dap

N snumber of ‘‘spherules’’ in an aggregate; ®r® ; Eq. 1eff 1,eff
N stotal particle number densityp
OOsobservable; Eq. 15

Ž . Ž .qs 4prl ? sin ur2
R sradius of spherule1

R sgyration radius of aggregategyr
Ssstructure function for fractal aggregate; defined by Eq.

21
Ž .Scsparticle Schmidt number, mrr rDgas p

Ž .t scharacteristic fusion coalescence timef
Ž .T sabsolute temperature kelvins

Ž . Xusparticle volume dummy variable ; see, also, ®
Ž .®svertical velocity of mixture z-direction

®svolume of condensed material in spherical particle or
aggregate

V sdrift velocity
Ž® sgeometric-mean particle volume in log-normal PSD n ®,g

.. . .
®smean particle volume, f rN , of local aerosolp p

® seffective spherule volume, computed from d s6®ra1,eff 1,eff
® saverage molecular volume in condensed statem

Ž .W ®,a sweighting factor; Eq. 15
Ž .w s‘‘weights’’ representing prop. to the PSD ‘‘ordinates’’i

Greek letters
Ž . Žb u,® scoagulation rate constant in ‘‘mass-action’’ law used to

.calc. coag. time
Ž .1r3d seffective thickness of surface layer; approx.: 3 6® rpm

Ž .h sdimensionless particle ®olume, ®r® t1
Ž .h sdimensionless particle area, ara t2

f sparticle volume fraction; ® ? Np p
v slocal particle mass fractionp

j snonsphericity parameter
lswavelength of laser light
u slight scattering angle

Ž .r sintrinsic density of a particle m r®p p p
m sdimensional ‘‘mixed’’moment of dimensionless PSD: ck l 12

m sdynamic Newtonian viscosity of the carrier gasgas
msdynamic Newtonian viscosity of condensed material

c sdimensionless unconditional pdf with respect to rescaled1
®olume, ®

c sdimensionless unconditional pdf with respect to rescaled2
dimensionless area, a

c sdimensionless joint pdf with respect to dimensionless12
Ž .volume and area; ® ? a? n ®,a rNp

s sgeometric standard deviation of unconditional pdf withg
respect to ® or a

Ž .s ssurface energy ‘‘tension’’ of condensed material
Ž .n smomentum diffusivity ‘‘kinematic viscosity’’ of the car-

Ž .rier gas, mrr gas

Subscripts and superscripts
BUsbreak up

Ž . Žcscontinuum limit Kn <1 see, e.g., Tandon and Ros-p
.ner, 1999

Ž .cspertaining to the cell Eq. 14
coagscoagulation

coalesc scoalescence
eff seffective value

Ž .f sfusion coalescence , or ‘‘fractal’’
Ž .fmsfree-molecule limit Kn 41p

Ž .g spertaining to log-normal PSD geometric
gasspertaining to the carrier gas
gyrsgyration
k,lspertaining to moment exponents k,l, where k,l need not

be an integer, nor positive
mspertaining to a single molecule

max smaximum value
Ž .psparticle s

ref sreference value
T sthermophoretic

Ž .1spertaining to the ‘‘primary’’ spherules e.g., d s6®ra1,eff
Ž .1spertaining to particle ®olume cf. area , as in h , c1 1

Ž .2spertaining to particle area cf. volume as in h , c2 2
q,ysevaluated on the q or y side

Other
Ž .Y sper unit area
Ž .Z sper unit volume

˙Ž .stime rate of change
Ž . Ž . Ž .smean value of e.g., ®, a, N, . . .
Ž .X Ž X X .sdummy variable, as in b ®,® ,a,a pertaining to collision

partner
Ž .min a, b sthe lesser of a, b

< Ž .sconditioned on given:

Abbre©iationsrrrrracronyms
Ž .ALSsangle-dependent laser light scattering

Ž .BVsbivariate 2-state variables
Ž .cscontinuum limit Kn <1p

Ž .coagspertaining to Brownian coagulation
CFDscomputational fluid dynamics

ŽCDF scounterflow diffusion flame see, e.g., Xing et al., 1996,
.1997, 1999

CPUscentral processor unit
Ž .Dam sDamkohler number characteristic time ratio : Here

t rtcoag fusion
FA sfractal-like aggregate

Ž .fmsfree-molecule limit Kn 41p
Fct.sfunction
FL sevaluated at the flame position; Figures 1 and 2

GAUCOFsGaussian coefficient subroutine
IPDEsintegro partial density function

Ž .jpdf sjoint probability density function here bivariate
LIIslaser-induced incandescence

LIABUslaser-induced aggregate breakup
LLSslaser light scattering

LMEslocal morphological equilibrium; section titled ‘‘Recom-
mendations for Future Work’’

Ž .MCsMonte Carlo simulation method
MOMsmethod of moments

Nd-YAGsneodymium-yttria-stabilized garnet laser
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mfpsgaseous molecule mean free path
ODEsordinary differential equation

PIPsparticle inception plane; Figures 1 and 2
Ž .pdf sprobability density function normalized

Ž .PSDsparticle size volume distribution
PSPsparticle stagnation plane position; Figure 4

QMOMsquadrature method of moments
Ž .RDGFA sRayleigh]Debye]Gans]fractal aggregate theory

RHSsrighthand side
rmssroot mean square

SREssol reaction engineering
TCsthermocouple

TEMstransmission electron microscopy
Ž .TMA strimethyl aluminum vapor precursor

TPDsthermocouple particle ‘‘densitometry’’
TPSsthermophoretic sampling
TVstrivariate
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